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CONGRUENCES OF THE ELLIPTIC TYPE* 

BY 

LUTHER PFAHLER EISENHART 

Introduction. 

Let I be a line of a rectilinear congruence ; X, Y, Z, its direction-cosines ; 
and x , y, z , the coordinates of the point in which L cuts a surface of reference 
S. These six quantities are functions of two parameters, say u and v, which 
we assume to be real. As usual we put 

*-*(£)■ '-*%%• *-<%)'• 

(!) 

_ dxdX dxdX V- 2 — — _ v ££ ^Z 

— 3m du ' •* ~ dv du ^ •* ~ du dv ' — dv dv ' 

Of all the ruled surfaces, formed by lines of the congruence, which pass through 
X two at most are developable. They are denned by the equation 

(2) (Ef- Fe)du 2 + (Eg + Ff - Ff- Ge)dudv + (Fg - Gf)dv* = 0. 

In the case of normal congruences, congruences of Guichard, cyclic congruences 
and congruences of tangents to a real family of curves on a surface, the integrals 
of equation (2) are real. But there is a large variety of congruences for which 
the integrals of this equation are imaginary. We say that a congruence is of 
the hyperbolic or elliptic type according as the two values of dv/du given by (2) 
are real or imaginary. This paper deals with congruences of the latter type, 
and particularly with pairs of ruled surfaces which are real only in this case and 
which possess properties analogous to those of the developable surfaces of a con- 
gruence of the hyperbolic type. 

One of these systems may be defined analytically by means of the following 
theorem of Cifaeelli : f 

Given two quadratic differential forms 

(3) a x du 2 + 2a 2 dudv + a 3 du 2 , b l du 2 + 2b 2 dudv + b 3 dv 2 , 

of which the first is definite, that is, a y a z — a\ > ; if one forms the Jacobian 

* Presented to the Society September 13, 1909. 

t Le Congruenze, Annali di Matematioa, ser. 3, vol. 2 (1899), p. 148. 
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352 l. p. eisenhart: congruences [July 

of these forms and equates to zero the Jacobian of the resulting quadratic form 
and of the first of (3), the solutions of the resulting differential equation define a 
real transformation, say u = <f>(u, »), v' = \Jr(u, v), which changes the forms 
(3) into two 

a! x du + 2a' 2 du'dv + a'^dv" , b' x du + 2b' 2 du'dv + b'^dv' , 

which are such that 

Since the left-hand member of equation (2) is a definite quadratic form, it 
may be taken as the first of (3). If we take for the second the square of the 
linear element of the spherical representation, namely 

(5) da 2 = Edu 2 + 2Fdu dv + Gdv 2 , 

the parametric ruled surfaces u = const., v = const, constitute a system which 
we shall study in detail. We call them the characteristic ruled surfaces of the 
congruence. 

In § 1 the equation of the characteristic ruled surfaces is derived, and there- 
from we discover properties of the lines of striction of these surfaces, of their 
spherical representation, and the fact that their parameters of distribution are 
equal to one another and to the harmonic mean of the maximum and minimum 
values of the parameter of distribution of all the surfaces through the line. 

The determination of a congruence with an assigned spherical representation 
of its characteristic ruled surfaces is investigated in § 2, and the results are 
applied in § 3 to the discussion of congruences whose characteristic surfaces 
meet the surface of reference in its asymptotic lines. These congruences are of 
the EiBAUCOUR type. The necessary and sufficient conditions for their existence 
are found, and an example of such congruences is given in § 4. Incidentally a 
theorem is derived concerning the case where the characteristic lines on a surface 
correspond to the asymptotic lines on an associate surface. 

Since the quadratic form (2) is definite, there exist an infinity of real trans- 
formations of variables such that in terms of the new variables the expression 
(2) is of the form \(dw' 2 -f dv' 2 ). We say that such a parametric system is 
isothermic. Section 5 deals with the determination of congruences with an 
assigned spherical representation of an isothermic system of ruled surfaces. If 
p denotes the distance from the middle point of a line to one of its two conjugate 
purely imaginary focal points, the surfaces which are the loci of the points at the 
distances ip , — ip from the middle point are of interest in this theory. We 
call them the pseudofocal surfaces of the congruence. 

When the pseudofocal surfaces correspond with parallelism of tangent planes, 
as in § 6, the congruences are of the kind studied by Lilienthal. He took 
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three functions of u + iv, written 

x l + ix. 2 =f(u + iv), y l + iy 2 =f. 2 (u+iv), z l + iz 2 =f 3 (u+iv), 

and considered the congruence of lines joining corresponding points of the sur- 
faces which are loci of the points (#,, y,, z x ), (x 2 , y 2 , z 2 ). We say that two 
such surfaces are conjugate-potential. These congruences of Lilienthal are of the 
Eibaucour type, and the spherical representation of their imaginary develop- 
ables is similar to that of congruences whose focal surfaces are curves. 

Conjugate-potential surfaces are associate to one another. Section 7 deals 
with congruences which consist of lines joining corresponding points on associate 
surfaces. Certain congruences of Ribaucoub possess this property in an infinity 
of ways, and of this group are the congruences of Lilienthal. 

§ 1. Characteristic Ruled Surfaces. 

Given a congruence of the elliptic type expressed in terms of any parametric 
system and with an arbitrary surface of reference. If we put 

Ef-Fe Eg + F{f-f)-Ge Fg - Gf 



(6 ) A = ^^, B = 



2H °~ H 



where H = AEG — F 2 , the equation of the developables (2) may be written 

(7) Adu 2 + 2Bdudv + Cdv 2 = . 

If we apply the theorem of Cifarelli to the left-hand member of this equation 
and to the right-hand member of (5), we find that the differential equation of 
the characteristic surfaces is reducible to 

[A(AG- CE) - 2B(AF - BE)~\du 2 + 2[B(AG + CE) 

-2ACF]dudv+[2B(BG-CF)-C(AG-CE)]dv 2 = 0. 

In order that the characteristic ruled surfaces be parametric, we must have 

(AG - CE)A - 2B(AF- BE) = 0, 
(9) 

( AG - CE) C- 2B ( BG - CF) ^ , 

which equations are reducible to 

(10) ^=|, * = o, 

unless 

(11) A(BG- CF)- C{AF-BE) = Q. 

But in the latter case the middle term also of (8) vanishes, so that the charac- 
teristic ruled surfaces are indeterminate in this case. Hence equations (10), or 
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in other form 

F{f-f) + Eg-Oe=t), 

constitute a necessary and sufficient condition that the characteristic surfaces be 
parametric. 

If the middle surface of the congruence is taken as the surface of reference, 
we have* 

(13) (f + f')F-EG^~ + ^j = 0. 
Combining this equation and the first of (12), we have 

(14) /+/' = | + f- = 0, 

and the second of equations (12) may be given either of the forms 

(15) Eg + Ff' = 0, Ff+Ge = 0. 

In order to interpret the second of equations (14), we recall that the abscissa 
r , measured from the surface of reference, of the point P on a line L where the 
line of striction of the ruled surface defined by a value of dv/du meets L is 
given by f 

_ _ edv? + ( / + /' )dudv + gdv 2 
( } r ~ Edu 2 + 2Fdudv + Gdv> ' 

From this and (14) it follows that the values of r for the two characteristic sur- 
faces through L differ only in sign. Hence we have 

Theorem 1 . The lines of striction of the two characteristic ruled surfaces through 
a line L of the congruence meet L in points equidistant from the middle point. 

We call these the characteristic points. 

Before proceeding we return to the consideration of the particular case for 
which equation (11) holds as well as (9), that is when the characteristic ruled 
surfaces are indeterminate. These conditions are equivalent to 

AG-CE AF-BE BG-CF 

(17) 2B ~ A ~ O ~ X ' 

where \ denotes the factor of proportionality to be determined. The condition 
that these equations be consistent is 

E 

=2\(.EG-i^ + \ 2 ) = 0. 

F+X 
A reference in this form is to my Differential Geometry, Boston, 1909. 
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*E., p. 401. 


A reference in th 


tE., p. 395. 
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Since the quantities are real, we must have X = , and consequently equations 

(17) are reducible to 

±_B_C 
E~ F~ G' 

Hence the congruences sought are such that their developables are represented 
on the sphere by the minimal lines of the latter. This is a characteristic prop- 
erty of isotropic congruences.* Hence we have: 

Theorem 2. The characteristic ruled surfaces of an elliptic congruence are real 
and determinate, except when the congruence is isotropic. 

Isotropic congruences will be excluded from the subsequent discussion. 

Let r and R denote the abscissae, measured from the middle point of a line L , 
of a limit point P and of the characteristic point Con the same side of the middle 
point. If to denotes the angle which the tangent plane at C to the correspond- 
ing characteristic surface makes with the tangent plane to the principal surface 
at P, we have from Hamilton's equation f 

R = r ( cos 2 a) — sin 2 to ) . 

In like manner for the other characteristic ruled surface we have 

R = — r(cos 2 w' — sin 2 a> ) . 

From these equations we obtain 

(18) cos 2e» + cos 2&)' = 0. 

Consequently the curves on the sphere which represent the characteristic ruled 
surfaces either form an orthogonal system, or they are equally inclined to the 
curves which bisect the angles between the curves representing the principal 
ruled surfaces. 

In the former case, when these surfaces are parametric, we should have 
F= and also f+f = 0, from the first of (12). Moreover, from the second 
of (12) we should have Eg = Ge; that is, the congruence is isotropic. Hence 
F 4= 0, and we have 

Theorem 3. The curves on the sphere which represent the characteristic ruled 
surfaces are equally inclined to the curves which bisect the angles between the 
images of the principal surfaces. 

The developables of a congruence of the hyperbolic type possess the same 
property. 

By means of the preceding results we obtain the quadratic equation which 
the abscissa? of the characteristic points satisfy, when the parameters and sur- 
face of reference are any whatsoever. If R x and R 2 denote these abscisssa? 

*E. p. 412. 

fE, p. 397. 
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and r i , r 2 , the abscissae of the limit points, we have from Hamilton's equation 

B x = r x cos 2 <» + r 2 sin 2 a> , 

B 2 = r x cos 2 &)'+ r 2 sin 2 to' , 
and from (18) 

From these equations we deduce 

B r + B 2 =r 1 + r 2 , 

cos 2 6 
i2 l iJ,-(r 1 + r,)»- r -° + r 1 r 1 »in^ , 

where # denotes the angle between the spherical images of the characteristic 
surfaces. If the differential equation of the latter surfaces be written in the 
form 

Ldu 2 + 2Mdudv + AW = , 
it is readily shown that 

cos2 sin2 (EN-2FM+GL) 2 , AH 2 (M 2 -NL) 

"' °~ E 2 N 2 -±EFMN+2EG{2M 2 -NL)-±FGLM+±F 2 LN+ G 2 L 2 ' 

Since 



moreover 



(f + f)F-gE-eQ _ ieg-(f + fj 



r " + r 2- " EG-F 2 ' rir2_ EQ — F* ' 

we can readily determine the expressions of the coefficients of the quadratic 
equation satisfied by the abscissae of the characteristic points. On account of 
the involved form of this equation we will not give it here. 

We shall obtain another property of the characteristic ruled surfaces by 
recalling that the parameter of distribution of the ruled surface determined by 
a value of dv/du is given by* 

_ Adu 2 + 2Bdudv + Cdv 2 
( ' P= Edu^+TFdudv'+Gdv 2 ' 

The first of equations (10) expresses the fact that the parameters of distribution 
of the two characteristic surfaces through a line are equal. 
The differential equation (8) can be written 

AG+CE-2BF Edu 2 + 2Fdudv + Gdv 2 
( > 2(AO-B 2 ) ~ Adu 2 -f 2Bdudv + Gdv 2 ' 

If now p l and p 2 denote the maximum and minimum values of p for all the 
ruled surfaces through a line, and if p c denotes the value for the characteristic 

*E, p. 424. 
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surfaces, equation (20) may be written, in consequence of (19), 

1/1 1\_I 

Hence we have 

Theorem 4. The parameters of distribution of the two characteristic ruled 
surfaces through a line have the same value, namely the harmonic mean of the 
maximum and minimum values of the parameter for all the ruled surfaces through 
the line. 

The first part of this theorem is a consequence of the following theorem which 
can be readily proved : 

Theorem 5. If the lines of striction of two ruled surfaces through a line L 
meet the latter at points equidistant from its middle point, the parameters of distri- 
bution of the two surfaces have the same value ; and conversely. 

§ 2. Spherical Representation of Characteristic Ruled Surfaces. 

It can be shown that the first derivatives of the coefficients of the surface of 
reference of a congruence are expressible in the form * 

dx eO-fFdX f'E-eF dX 

du ~ H 2 ~ ~Bu~ + H 2 a»" + ryX ' 

dx fG -gF BX gE-fF dX 

dv~ H 2 du + H 2 dv +7 i A ' 

and similar equations in y and z, where 7 and <y 1 are functions which must 
satisfy the conditions 

^-^-W'+ilYf-VSYf+VlYg + Fv-ty^o, 

( 22 ) %-^u- i 2 ?Ye+ {\ 2 Yf- { 2 !}'f + VZYff + Gy- F yi = 0, 

dv du^ J J ' 

the Christoffel symbols being {7}' are formed with respect to the quadratic 
form (5). 

We consider now a congruence of the elliptic type referred to its characteris- 
tic surfaces. We assume that the middle surface is the surface of reference and 
that R is the abscissa of the characteristic point of the surface u = const. 
From (14), (15) and (16) we have 

e -g Ff Ff 



(23) R : 



E~ G ~ EG~ EG' 



E, pp. 406, 407. 
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The abscissae of the limit and focal points are given by the respective 
equations * 

From equations (23) and (24) we obtain 

(25) B = r sin O , R = ip cos O , 

where 6 denotes the angle between the central planes of the two characteristic 
surfaces. 

In consequence of (23) equations (21) are reducible to 

dx ERdX _ dx GRdX 

From the first two of (22) we find that 

*-k(t)+*(*w+ w). 

and the last of (22) may be written 

a 2 



(28) 



(^)+S(f)+r„[!<^>' + s f vn] 

+ ~[|(^{f}'+^{ 1 2 l }')] + 2^i? = 0. 

Since equations (22) are sufficient conditions upon the functions e, /, /', g 
7 and <y x that equations (21) define the surface of reference of a congruence with 
a given spherical representation of linear element (5),f we have 

Theorem 6. Given any system of curves on the sphere and let E, F, G de- 
note the fundamental coefficients ; each solution of equation (28) determines a con- 
gruence whose characteristic ruled surfaces are represented on the sphere by the 
given system of curves. 

From (26) we obtain by differentiation with respect to u and v the following 

d 2 x /a, ER ...,,\dx (E ,„., Ey\dx A „ 

^=W^^ + ^yh-{G^y + GR)e-v +A ^ 

(29) fadi = -E {i} du--G {i} Th + A ™ x ' 

W-\ER~E { * } )du + \dv [ ° S ~F~ +{l! )dv + A ™ X ' 



*E., pp. 396, 399. 
tE., p. 407. 
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where, for the sake of brevity, we have put 



dy 
du' 



F ( d EE\ E 

A 1 = Ty l ^-7({ 1 |}' + ^iog^) + 7 1 £{¥}'-^ + 

E G , By GE n 

4, = -£{?}'* + -je i l iYv + d -~f- r > 

(30) 

E t w G , „ dy. GE ^ 

§ 3. Congruences whose Characteristic Ruled Surfaces meet their Middle Surfaces 

in Asymptotic Lines. 

We consider in particular the case where the characteristic surfaces cut the 
middle surface in its asymptotic lines. From (29) and (30) it is seen that a 
necessary and sufficient condition for this is 

A n = J. 22 = 0. 
In this case we have 

When the values of 7 and y l from (27) are substituted in this equation, the 
result is reducible to 

dVG d \E~\ dV E d [Gl 

( 3i ) ssU {vr+{ " } + ^M = Ag {?} +{V} + tu log M 

But this is a necessary and sufficient condition that the parametric curves on 
the sphere be the spherical representation of the characteristic conjugate 
system on a unique surface 2.* The coordinates x, y, a of 2 are given by the 
quadratures 

(32) »»*(<,«,»£), «*(*«[_,«), 

K ' du G \ du dv ) dv E \ du dv ) 

where X is given by 

du - du log \ G { l j G { * j ' 
(33) __ 

gl0gX g-logjg '»\' G f»r 

a» ~ a> g \ £ { 2 j ^ { 2 ' • 

* ElSKNH ART, Three particular systems of lines on a surface, Transaotionsof thejimerioar 
Mathematical Society, vol. 5 (1904), p. 434. 



360 L. P. EISENHART : CONGRUENCES [July 

From (26) and (32) we have 

dxdx dxdx dxdx dxdx 

^ ' du du ' du dv dv du ' dv dv 

Hence 8 and 2 correspond with orthogonality of linear elements and conse- 
quently the congruence under consideration is of the Bibaucour type,* and 2 is 
the director-surface. 

Referring to (29), we have that another necessary condition that the asymp- 
totic lines on S 1 be parametric is 

d ( d ER \ d ( d GR , fl2) \ 

This equation and (31) are equivalent to the two 

W dudv l0g E + du x » ' dv { 2 ' _ "' duE [ * s ~dv G {li ' 
We shall show that these conditions are sufficient. 

When equations (35) are satisfied, equation (31) is true and there exists a 
surface 2 , defined by (32). ' Since the parametric curves on 2 are the charac- 
teristic lines, we have j- 

(36) § = !-, D' = 0, 

and consequently the second of equations (35) is reducible to J 

where the Christoffel symbols are formed with respect to the linear element of 
2 . This is the condition that there exist a surface 8 corresponding to 2 with 
orthogonality of linear elements and such that its asymptotic lines are para- 
metric. § If we take 8 for the middle surface of a congruence of Ribaucour 
whose director-surface is 2 , we have a congruence of the kind sought. 

Since the developables of a congruence of Ribaucour correspond to the 
asymptotic lines on the director surface, the conditions (10) that the character- 
istic ruled surfaces be parametric are equivalent to equations (36). Hence we 
have 

Theorem 7. The characteristic ruled surfaces of a congruence of Ribaucour 
cut the middle surface in the curves which correspond to the characteristic conjugate 
system on the director-surface. 

*E., p. 420. 
fLoe. cit., p. 435. 
JE.,p. 201. 
|K, p. 380. 
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In order that these curves on the middle surface may be asymptotic lines, the 
condition (37) must be satisfied, and consequently we have 

Theorem 8. Let 2 be a surface of positive curvature whose characteristic lines 
form, a conjugate system with equal point invariants and let 8 be the unique sur- 
face corresponding to 2 with orthogonality of linear elements in such a way that 
its asymptotic lines correspond to the characteristic lines on 2 ; then 8 is the 
middle surface and 2 the director-surface of a congruence of Rihaucour whose 
characteristic ruled surfaces cut 8 in its asymptotic lines ; and these are the only 
congruences of this sort. 

§4. The Case E = G. 

We shall establish the existence of such congruences, by showing that there 
exist upon the unit sphere systems of curves which are such that when they are 
parametric the conditions E = G and (35) are satisfied. The latter conditions 
become in this case 

If we put 

(39) E=G = \, F=\cosco, 

the first of these conditions may be written 

' d log X d log X \ Id log X d log X \ 

dv du I d I du dv I 



sin co / dv \ sin co 

and the second is reducible by means of the first to 



du \ sin a> du J dv 
or in other form 



5/1 dco\ 3/1 Sa\ 
' \ sin co dv J'' 



du' 



d 2 \ co 

+ ^)logtan2=0. 



The general solution of this equation may be given the form 

( 40 ) tan o = :r7 — r^> 

v ' 2 <p(u + v) 

where <f> and yfr are arbitrary functions. 

From the first of equations (38) it follows that there is a surface # whose 
asymptotic lines have the given representation on the sphere. Since E= G, 
the equation of the lines of curvature on 8 is du 2 — dv 2 = , so that if 

Wj = u + v , v x = U — V , 

the curves u x = const., v t = const, are lines of curvature. From (40) it follows 

Trans. Am. Math. Soo. 84 121 
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that 

(40') eo, — ^ U + g >~t/ ft ~1 - ^N~S t,1 x . 

v ; <t>(u+v) + yjr(u — v) U(u l )+V(v l ) t 

and consequently the linear element of the spherical representation is 

do 3 = jr y ( Uduf + Vdv\ ) . 

Moreover, the linear element of S is of the form * 

(du\ dv*\ 

where /a is a determinate function. Hence 8 Q is an isothermic surface whose 
lines of curvature are represented on the sphere by an isothermal system. Con- 
versely, it can be shown that when a surface of this kind is referred to its 
asymptotic lines conditions (38) and (40) are satisfied, f 

To this group of surfaces belong the quadrics, cyclides of Dupin, surfaces of 
revolution, minimal surfaces, certain surfaces with plane lines of curvature in 
both systems, J and a group of systems recently discussed by A. E. Young. § 

Suppose that 8 is such a surface referred to its asymptotic lines, and that S l 
is the unique surface whose characteristic lines have the same spherical repre- 
sentation as 8 . In consequence of (39) these lines on 8 l form an isothermal- 
conjugate system, and since the second of equations (38) is satisfied, this conjugate 
system has equal point invariants. || Hence there exists a surface 8, corre- 
sponding to 8 l with orthogonality of linear elements, whose asymptotic lines cor- 
respond to the characteristic lines on S l . From Theorem 7 it follows that the 
congruence of Kibaucour for which 8 is the middle surface and S l the director 
surface is such that the characteristic ruled surfaces cut 8 in its asymptotic 
lines, and thus we have a congruence of the kind sought. 

It is evident that 8 is an associate surface of 8 t and consequently determines 
a surface 8' corresponding to 8 t with orthogonality of linear elements. When 
8 Q is referred to its asymptotic lines, the parametric curves on *S" form a conju- 
gate system. In view of Theorem 7 we have that the characteristic ruled sur- 
faces of the congruence of Ribaucour, whose director-surface is S 1 and middle 
surface 8[ , cut 8' in a conjugate system. 

In general, when the characteristic ruled surfaces of a congruence of Ribaucour 

*E, p. 192. 

tCf. A. E. Young, On a certain class of isothermic surfaces, Transactions of the American 
Mathematical Society, vol. 10 (1909), pp. 79-94. 

JElSENHART, Isothermal-conjugate systems of lines on surfaces, Ameiican Journal of 
Mathematics, vol. 25 (1902), pp. 239-248. 

§l.o. 

|| E., p. 380. 
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cut the middle surface in a conjugate system, the spherical representation of 
these surfaces is that of the asymptotic lines on that associate surface of the 
director-surface which is determined by the middle surface. Hence we have 

Theorem 9. A necessary and sufficient condition that the characteristic ruled 
surfaces of a congruence of Ribaucour cut the middle surface in a conjugate system 
is that the spherical representation of these surfaces satisfy the conditions 

d d 

(41) ^^- + i-^ r i'V-(-{"»'Vo 

dudv G^ du\E {2 > J dv\G {i > )~ 

The knowledge of one such system of curves on the sphere leads to the deter- 
mination of another. This results from 

Theorem 10. If the characteristic lines on a surface correspond to the asymp- 
totic lines on an associate surface, the characteristic lines on the latter correspond 
to the asymptotic lines on the former. 

For, let 8 1 and S a be two associate surfaces with the characteristic lines and 
asymptotic lines respectively parametric ; then 

(42) § L = § L , D[ = 0, D o = D' o ' = 0, 2); = -^ = ^, 

where /jl and a are two functions such that the coordinates of the two surfaces 
are in the relations 

dx dx l dx 9 1 dxj 

du dv ' dv du ' 

and similarly for the y's and z's.* From these we have 

(43) E = fi 2 G^ G = a'E 1 , 

the functions E x , G x in (42) and (43) being the coefficients of the linear element 
of #,, and E , G a the corresponding functions for S . The differential equa- 
tion of the characteristic lines on S is reducible to f 

E du 2 + G dv 2 =0, 

which by means of (42) and (43) is equivalent to 

D x du 2 + D[' dv 2 = ; 

consequently the theorem is proved. 

*E., pp. 378, 380. 
tE.,p. 131. 



364 L. P. eisenhart: CONGRUENCES [July 

Since asymptotic lines and characteristic lines are real only on surfaces of 
negative and positive curvature respectively, it follows that if a system satisfying 
(41) is real, the similar system obtained by means of Theorem 10 is imaginary, 
and vice-versa. 



§ 5. Isothermic Systems of Ruled Surfaces. The Pseudofocal Surfaces. 

Since the quadratic form 

$ = Adu 2 + 2Bdudv + Cdv* 

is definite for a congruence of the elliptic type, there exist double systems of 
ruled surfaces which are such that, when a system of this kind is parametric, 
the coefficients of the form <i> satisfy the conditions 

(44) A = C, _B = 0. 

The determination of these double systems of ruled surfaces is the same analytical 
problem as that of isothermic orthogonal systems of curves on a surface.* For 
this reason we say that ruled surfaces satisfying the conditions (44) form an 
isothermic system. 

On the assumption that such a system is parametric, we have from (6) 

(45) Ef'+Gf-F(e + g) = 0, Eg - Ge + F(f -f) = 0. 

Furthermore, if we take the middle surface of the congruence for the surface of 
reference, we have the condition (13). Combining the latter and (45), we find 
that 

« / / 9 

( 46 ) F = -E = G=-F =<r > 

where cr denotes the factor of proportionality. 

When the values (46) are substituted in the first two of equations (22), we 
obtain 

(47) 7= _|f_^, 7l = ~ + ^, 
where we have put 

(48) S = f 1 , 1 }' + {?}', JP= {?}' + {?}'• 

And the third of equations (22) is reducible to 

a 2 o- a 2 <r da da (dT dS _ _\ 

(*o ^ + w +T ^ +s ^ + \Bu + ^ +E+G y=*- 

*Cf., E., p. 93. 
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Moreover, from (21) we derive the equations of the middle surface in the form 
dx dX 



(50) 



du dv 



dx_ dJX 

dv du ' 



(£+-)x. 



Conversely, when the parametric lines on the sphere are any whatever, and 
a is any solution of equation (49), equations (50) define the coordinates of the 
middle surface of a congruence referred to an isothermic system of ruled surfaces.* 

We shall consider now the two surfaces S 1 and S 2 , whose coordinates are 
given by 

x, = x — aX, y, = y — aY, z, = s — aZ, 

(51) l »*!*.! 

x 2 = x + <rX, y 2 = y + aY, z 2 = z + aZ. 

In the first place we remark that S l and S 2 , thus defined, are the same surfaces 
for all isothermic systems. In fact, if the values (46) be substituted in the 
second of (24), we find the following relation between a and the abscissa of an 
imaginary focal point 

(52) a=ip. 

Because of this result we call S x and S 2 the pseudofocal surfaces of the 
congruence. 

§ 6. Conjugate-^Potential Surfaces. Congruences of Lilienthal. 

Of particular interest is the case when the tangent planes at corresponding 
points of S l and S 2 are parallel. In order to investigate this case, we differ- 
entiate equations (51), with the result 

dx Y 
(53) 



(dX dX\ (da- da \ 

-d^ = - <7 \-du---dv~)-\~du + -d-v + ° 8 ) X ' 



dx, (dX dX\ (da da \„ 

dx 2 



(dX dX\ (da da \ 

(dX dX\ (da da \ 

dv=-°{-du---dv) + (du- + lk, + ' T ) X - 

If X l ,Y l ,Z l ; X 2 ,Y 2 , Z 2 denote the direction-cosines of the normals to S, 



du 

(54) 

ox. 



*Cf. Sannia, Nuova esposizione delta geometria infinitesimale delle congruenze retiilinee, Annali 
di matematioa, ser. 3, vol. 15 (1908), pp. 39, 40. 



(55) 

2 VKG,-Fl 
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and S 2 , we find from (53) and (54) 

+ (4f-,f)( 2 ^ + S -r)}, 

where E Y , F 1 , G l ; E 2 , F 2 , G 2 are the first fundamental coefficients of $, and 
$ 2 . From these expressions it follows that the necessary and sufficient condi- 
tion that the tangent planes to >S L and S 2 he parallel is that 

(56) E&-FI-E&-F* 
and 

,-„, & log*'" , „, 5 loaro - 

(57) i£— -***. -£- — & 

When the values from (57) are substituted in (53) and (54), it is found that 

(58) 

From these equations it follows that x l + ix 2 , y l + iy 2 , z 1 -f iz 2 are analytic func- 
tions of m -f tv . Hence we say that *S L and # 2 are conjugate-potential surfaces, 
and the congruence consists of the joins of corresponding points of the pair. 

Conversely, given any three analytic functions, consider the congruence of 
linesjoining corresponding points of the surfaces 8 l and S 2 so determined. 
The direction-cosines of the lines are of the form 



X = X - 2 — ' Y = ^ 2 ~ ^ l 7 = Z ' 



2 



2 



a 



where 2<r denotes the distance between the points on S l and S 2 . From these we 
obtain 

du ~ zAdv + du + du A r 

(59) 

^ = 1/ ^i _ 8 Jh. _ 2 ^JLl x\ 
dv 2a\ du dv dv )' 

If x, y, z denote the coordinates of the mid-point of the join of corresponding 



1910] OF THE ELLIPTIC TYPE 367 

points of 8 1 and 8 2 , equations (59) may be given the form 

v ' ou a-\dv ou J ov <r\ou ov ) 

From these equations follow equations (46). Hence the surface S is the middle 
surface of the congruence, and the parametric ruled surfaces form an isothermic 
system. Congruences of this kind were considered by Lilienthal,* and so we 
shall refer to them as congruences of Lilienthal. 

The preceding results may be stated thus : 

Theorem 11. A necessary and sufficient condition that the pseudofocal sur- 
faces of a congruence correspond with parallelism of tangent planes is that the 
congruence be of the Lilienthal type; in this case the pseudofocal surfaces are 
conjugate-potential. 

From (57) it follows that a necessary condition that the parametric lines on 
the sphere represent an isothermic system of ruled surfaces of a congruence of 
Lilienthal is 

d d 

( 61 ) ^-jr-S. 



8v d 



a 



Furthermore, the function <j given by (57) must satisfy equation (49). This gives 
the further condition 

VdT dS ~] 

(62) 2[— + w + 2 (E + G)^=l° + S*. 

Conversely, from the general theory it follows that when conditions (61) and 

(62) are satisfied, there exists a congruence of Lilienthal which can be found by 
quadratures. 

In consequence of the identity f 

equation (61) is equivalent to 

^(«}'-{vn-|i(fv}'-{vn. 

But this is the condition J that the parametric lines on the sphere represent a 
real isothermal-conjugate system on a surface 2 whose coordinates £, ?/, fare 
given by the equations 

( 63 ) du- = W\-°-d u - + F 'd^)^ ^ = i7'( i ^- i? ^~)' 

* Untersuchungen zur allgemeinen Theorie der krummen Oberflachen und geradlinigen Strahlensysteme 
(Bonn, 1886), p. 80. 
tE., p. 153. 
JE., p. 202. 
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where t is given by 

8u - i » X - I i ) t -g^~ -ii) - I 2 1 • 

From (50) and (63) we find that 

dxd^ + dydv -f dzd£= 0. 
Hence : 

Theorem 12. A congruence of Lilienthal is a congruence of Itibaucour. 
If we put 

u = u + t>, t> = i(v — ££), 

the ruled surfaces u = const., v = const, are the developables. If E, F, G 
denote the fundamental coefficients of the sphere in this case, we find that the 
conditions (61) and (62) may be given the form 

( 64 ) ^{?r=|{?}'-{?}'{?r-^. 

where the symbols { r ( *} are formed with respect to Edv? -+- 2Fdudv -f Gdv 2 . 

When a real system of lines on the sphere satisfies (64), these lines represent 
the developables of a congruence whose focal surfaces are curves;* moreover, 
the semi-focal distance is given by quadratures. 

Since the tangent planes to two conjugate-potential surfaces S l and S 2 at corre- 
sponding points are parallel, it is readily shown that the second fundamental 
coefficients of these surfaces satisfy the relations 

D^-D'^D',, B[=-D 2 = D';, 
and consequently 

D l sr + IT 1 D t -2iy i D' t = 0. 
Hence we have 

Theorem 13. Conjugate-potential surfaces are associate to each other. 

§ 7. Congruences which consist of the Lines joining Corresponding Points 

on Associate Surfaces. 

We have seen that the abscissae of the focal points are iff , — icr ; hence, the 
above result follows also from the following known theorem f : 

Theorem 14. In order that two surfaces 8 X and 8 2 corresponding with paral- 
lelism of tangent planes be associate surfaces, it is necessary and sufficient that for 
the congruence formed by the joins of corresponding points M x and M 2 of these 
surfaces, the focal points and the points M x and M 2 form a harmonic range. 

*E., p. 412. 
tE.,p. 425. 
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We inquire whether a pair of associate surfaces is connected with every con- 
gruence after the manner described in the preceding theorem. 

We assume that a given congruence possesses this property and that the two 
associate surfaces meet a line of the congruence in points whose distances from 
the middle point of the line are denoted by t l and t 2 . By Theorem 14 we have 
t l t 2 =p\ and by (52) 
(65) M 2 =-- 2 - 

We must express the condition that the surfaces '2 1 and 2 2 , defined by 

& = x + (,Z, Vl = y + t l Y, ^ 1 =z + t l Z, 

% 2 = x + t 2 X, V2 = y + t 2 Y, Z 2 = z+t 2 Z, 

correspond with parallelism of tangent planes. 
By means of (50) we have 

5f, BX BX (Bt, da \ 

(66) 

sf. dx dx /at. a* \ ^ 

and similar expressions in rj l and £, . From these we find 
v/E l G l -FtX l = (tl + ^)HX+^t 1 (^ + ^+ t rT"j 

-(£-^--)](4I-4f) 
K£ + £ + -*H(£-$M](**-^). 



+ 



where E x , F t , G l are the first fundamental coefficients of 2 t and X x , Y x , Z l are 
the direction courses of the normal to 2, . 

The expressions for X 2 , Y 2 , Z 2 are similar to the above. The necessary and 
sufficient conditions that these respective quantities be equal are reducible to 

(67) t, 4e 2 g^fi = - 1 2 <Ie&=f\, 

(68) -, + 4<r^+2<r 2 T+£<? = 0, -, 4<r -=-- 2o- 2 S + TB = 

v ' Bv Bu Bu Bv 

where, for the sake of brevity, we have put 

(69) 0= tl *-j. 



(70) 
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By means of (49) the condition of integrability of (68) is reducible to 
1/38 dT\„ /da\ 2 / da\ 2 ( da „da\ 

Hence in order that two associate surfaces S x and S 2 exist it is necessary that 
the function given by (70) satisfy equations (68). Moreover, it is readily 
shown that these conditions are sufficient. 

When in particular 0=0, equations (68) reduce to (57) and then (70) is 
satisfied. This is the case of congruences of Lilienthal. 

It may be shown that equation (61) is equivalent to the first of equations (64) 
and consequently is the condition that the congruence be of the Ribaucour type. 
From this and (70) it results that for the congruences of Ribaucour, for which 
a is a solution of (49) and 



(71) 



/da\ 2 /da\ 2 (da da\ 



<r 2 VdT 38 1 

the function involves a parameter, and consequently there is an infinity of 
pairs of associate surfaces such as 2 t and 2 2 . Moreover, their determination 
requires quadratures only. 

Since congruences of Lilienthal are of the Ribaucour type, the above result is 
applicable to these congruences; for equation (71) is satisfied by the function a 
given by (57). Now equations (68) reduce to 

30 g 5 logo- e _ 36 o dlo go- e _ 

dv Bv ' du du ' 

of which the general solution is 

= c<r 2 , 

o being an arbitrary constant. From this result, (69), and (65), we have 

a 
t = aa , t„ = — 



1 ' '■ a 



where a is an arbitrary constant. Hence we have 

Theorem 15. With a congruence of Lilienthal there are associated an infinity 
of pairs of associate surfaces ; two of these are conjugate-potential surfaces which 
cut a line of the congruence at points distant a and — a from the middle point ; 
and corresponding points of any other pair are at distances aa- , — aja , where a 
is a constant. 

Princeton, September, 1909. 



